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The determination of genuine entanglement is a central problem in quantum information pro-
cessing. We investigate the tripartite state as the tensor product of two bipartite entangled states
by merging two systems. We show that the tripartite state is a genuinely entangled state when
the range of both bipartite states are entanglement-breaking subspaces. We further investigate the
tripartite state when one of the two bipartite states has rank two. Our results provide the latest
progress on a conjecture proposed in the paper [Yi Shen et al, J. Phys. A 53, 125302 (2020)]. We
apply our results to construct multipartite states whose bipartite reduced density operators have
additive EOF. Further, such states are distillable across every bipartition under local operations
and classical communications.
PACS numbers: 03.65.Ud, 03.67.Mn
I. INTRODUCTION
Various quantum-information tasks requires genuine entanglement as an indispens-
able ingredient. They include the quantum key distribution [1], measurement-based
quantum computation [2, 3], communication [4] and one-dimensional cluster-Ising
model [5]. The detection and construction of genuine entanglement has a received
extensive attentions in quantum information both theoretically and experimentally
in recent years. They have proposed methods via entanglement witnesses [6–13],
generalized concurrence [14–17], Bell inequalities [18], geometric measure [19] and
semidefinite programming [20]. Nevertheless, it is still generally hard to determine
whether the multipartite state is a genuinely entangled (GE) state or not. The latter
is also known as the biseparable state. Recently, constructing tripartite GE states
via the tensor product of two bipartite entangled states has been proposed [21], see
also Conjecture 1. The method offers the following advantage. The construction
and detection of bipartite entanglement is a more operational task than that of mul-
tipartite entanglement [7], and many methods such as the entanglement witnesses
have been developed in the past decades [22, 23]. Hence, constructing tripartite GE
states using bipartite entangled states is a convenient and efficient method. In this
paper, we investigate the following conjecture on genuine entanglement.
Conjecture 1 If αAC1, βBC2 are both bipartite entangled states, then αAC1 ⊗ βBC2 is
a tripartite GE state on the Hilbert space HABC with C = C1C2.
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2In the conjecture, we may assume that a tensor product ρABC = αAC1 ⊗ βBC2 on
the Hilbert space HABC with a decomposition of system C as HC = HC1 ⊗HC2.
We have shown that the counterexample to Conjecture 1 might exist only if the
range of αAC1 and βBC2 are both spanned by product vectors [21]. As far as we
know, the relation between GE states and entanglement-breaking (EB) space is
little studied yet. The EB space [24, 25] is a bipartite subspace that offers advantage
for the additivity of entanglement of formation (EOF) [25]. In the past years, the
EOF has many applications such as the measure of entanglement for two-qubit
pure states, many-body systems and quantifying the amount of entanglement in
[26–33]. The aim of constructing EB spaces is to connect the entanglement cost
and EOF. The entanglement cost is a physically motivated entanglement measure
quantifying the least entanglement required to form a bipartite state asymptotically
[34]. Because the entanglement cost is exactly the regularized form of EOF [35], it
is notoriously difficult to derivate the entanglement cost of a bipartite state unless
the state has additive EOF. Actually, if a state has additive EOF, then it makes
the equality between the entanglement cost and EOF of the state. However, the
relation between additive EOF and GE states is not well studied.
In this paper we consider the case that the product vectors form an EB space
namely |a1, 1〉, ..., |an, n〉 up to equivalence under stochastic local operations and
classical communications (SLOCC). This is presented in Theorem 9. Then we in-
vestigate the tensor product of a rank-two bipartite state α whose range is the
simplest entanglement-breaking subspace, and an arbitrary bipartite state β. The
range of α is spanned by |0, 0〉 and |1, 1〉 up to equivalence, as we show in Lemma 6.
In Lemma 10, we characterize the properties of α and β by assuming that the tensor
product is a tripartite biseparable state. Next, we apply our results to two types
of constructing multipartite GE states. The first family of multipartite GE states
have bipartite reduced density operators with additive EOF. The second family of
multipartite GE states whose every bipartition produces a distillable state under
LOCC. Such multipartite states are of widely usefulness in theory and experiment
for various quantum-information tasks. Then by extending Conjecture 1, we explore
more ways to construct multipartite GE states. Moreover, we reveal connections
between Conjecture 1 and Conjecture 12 in Lemma 13.
The rest of this paper is organized as follows. In Sec. II we introduce the pre-
liminary facts and notations used in this paper. In Sec. III we investigate the ten-
sor product of two entanglement-breaking subspaces. We further study the tensor
product of the simplest entanglement-breaking subspace and an arbitrary bipartite
subspace. We apply our results in Sec. IV. Furthermore we discuss our results in
3the multipartite space in Sec. V. Finally we conclude in Sec. VI.
II. PRELIMINARIES
In this section we introduce the notions and facts used in this paper. Suppose
ρA1A2···An is an n-partite state on the Hilbert space HA1A2···An := HA1 ⊗HA2 ⊗ · · · ⊗
HAn. Denote ρA1A2···An by ρ for simplicity, and denote by ρAj1Aj2 ···Ajk the reduced
density matrices of ρ of system Aj1Aj2 · · ·Ajk. Unless stated otherwise, we shall
not normalize quantum states for convenience. For ρ =
∑k
j=1 |ψj〉〈ψj|, we denote
by R(ρ) the range of ρ. So we have R(ρ) = span{|ψj〉}kj=1. Next, we say that two
n-partite states α and β are locally equivalent when there exists a product invertible
operation X = X1⊗ ...⊗Xn such that α = XβX†. In this case, we also say that α
and β are equivalent under stochastic local operations and classical communications
(SLOCC) [36]. Physically, α and β can be converted each other with some nonzero
probability. In particular the probability reaches one when X is unitary.
In the following we review the entanglement-breaking (EB) space proposed in the
paper [24] and recently studied in [25]. Suppose that A,B, a, b are four quantum
systems, and V a bipartite subspace of HAB with the following property. Given a
bipartite pure state |ψ〉 ∈ V ⊗Hab, tracing out system B destroys the entanglement
between AB with ab. In other word the bipartite state of system A and ab is
separable. Then we refer to such V as an EB space, see Figure 1. Next, we
introduce a fact from [24] as Lemma 2.
FIG. 1: The description of an entanglement-breaking (EB) space.
Lemma 2 The bipartite state whose range is an EB space has additive entanglement
of formation (EOF).
Recall that the EOF of a bipartite mixed state ρ is defined as Ef(ρ) :=
minρ=
∑
i pi|ψi〉〈ψi|
∑
i piE(|ψi〉). Physically, the EOF of ρ means the minimum en-
tanglement required for realizing the single copy of ρ. The EOF of any state in an
optimal decomposition family is computable [37]. In addition, the optimal decom-
position is closely connected the additivity of EOF of ρ [38]. From the definition of
additivity of EOF, it holds that Ef(ρ⊗ σ) = Ef(ρ) + Ef(σ) for any bipartite state
σ. Then we introduce a fact from [38] as follows.
4Lemma 3 If the EOF of two states are additive, then the EOF of their tensor
product is additive.
Furthermore, recall that the entanglement cost is the regularized form of Ef(ρ),
i.e., Ec(ρ) = limn→∞ 1nEf(ρ
⊗n). So the state whose range is an EB space has equal
entanglement cost and EOF. It provides a systematic method of deriving the addi-
tivity of EOF.
Next, We shall refer to an n-partite biseparable state ρ on HA1A2...An as the convex
sum of bipartite pure product states over the bipartition of systems A1, A2, ..., An.
In particular if the states are n-partite product states then we say that ρ is a
fully separable state. If n = 3 then we denote A1 = A,A2 = B and A3 = C for
convenience. So a tripartite biseparable state on HABC can be written as∑
i
|λi〉〈λi|A ⊗ |ψi〉〈ψi|BC +
∑
j
|µj〉〈µj|B ⊗ |φj〉〈φj|AC
+
∑
k
|νk〉〈νk|C ⊗ |ωk〉〈ωk|AB. (1)
We express the state in (1) as δABC + ABC + ζABC where
δABC :=
∑
i
|λi〉〈λi|A ⊗ |ψi〉〈ψi|BC ,
ABC :=
∑
j
|µj〉〈µj|B ⊗ |φj〉〈φj|AC ,
ζABC :=
∑
k
|νk〉〈νk|C ⊗ |ωk〉〈ωk|AB. (2)
We shall investigate the three states in the proof of Lemma 10. If a multipartite
state is not biseparable then we say it is genuinely entangled (GE). To construct
more GE states using known GE states, we review two ways of tensor product of
two states in the Hilbert spaces HA1A2···An and HB1B2···Bm [21]. The first product is
the tensor product HA1A2···An⊗HB1B2···Bm. Denote by ρ⊗σ an (n+m)-partite state
supported on the space HA1A2···An ⊗ HB1B2···Bm. The second tensor product is the
Kronecker product defined as
HA1A2···An ⊗K HB1B2···Bm :=
(⊗mi=1 (HAi ⊗HBi))⊗ (⊗ni′=m+1 HAi′), (3)
where m ≤ n. We denote by ρ ⊗K σ the state supported on the Hilbert space
in (3). Hence ρ ⊗K σ is an n-partite state of the systems (A1 ⊗ B1), · · · , (Am ⊗
Bm), Am+1, · · · , An. Now the following observations are clear.
5Lemma 4 (i) α ⊗K β is an n-partite genuinely entangled state if α is n-partite
genuinely entangled.
(ii) Suppose β is an m-partite fully separable state. Then α ⊗K β is an n-partite
genuinely entangled (resp. biseparable, fully separable) state if and only if α is an
n-partite genuinely entangled (resp. biseparable, fully separable) state.
We point out that Conjecture 1 is related to the definition of α ⊗ β, by defining
that αAC1 ⊗ βBC2 is a tripartite state of systems A,B and C, where C = C1C2. In
the following, ref. [21] has introduced a special Kronecker product.
Lemma 5 Suppose αAC1,1C1,2···C1,n and βBC2,1C2,2···C2,n are two (n+1)-partite states on
the Hilbert space HAC1,1C1,2···C1,n and HBC2,1C2,2···C2,n. To construct an (n + 2)-partite
state, we apply the Kronecker product as follows,
HAC1,1C1,2···C1,n ⊗Kc HBC2,1C2,2···C2,n := HA ⊗HB ⊗ (HC1,1C1,2···C1,n ⊗K HC2,1C2,2···C2,n).(4)
Denote by α ⊗Kc β a state supported on the space HAC1,1C1,2···C1,n ⊗Kc HBC2,1C2,2C2,n.
Specially, if n = 1, then αAC1⊗βBC2 in Conjecture 1 can be written as αAC1⊗KcβBC2.
Based on Lemma 5, the following fact is proven in [21]. It is used in the proof of
Theorem 9.
Lemma 6 Conjecture 1 holds if one of the following conditions holds.
(i) One of α and β has rank one.
(ii) α and β both have rank two.
(iii) One of R(α) and R(β) is not spanned by product vectors.
Moreover, we recall the definition of distillable states [39]. A bipartite state ρ is
n-distillable under LOCC if there exists a Schmidt-rank-two bipartite state |ψ〉 ∈
H⊗n such that 〈ψ|(ρ⊗n)Γ|ψ〉 < 0. In quantum information theory, positive partial
transpose (PPT) states are not distillable under LOCC [40]. So distillable states
must be non-PPT (NPT) states [40]. We know that NPT states can be convert into
NPT Werner states by LOCC [41, 42]. The Werner state is closely related to the
distillability problem which lies in the heart of quantum entanglement theory [43].
The following is a well-known lemma on the distillability, and it is used in the proof
of Lemma 10.
Lemma 7 The Werner state ρw(d, p) is
(i) separable when p ∈ [−1d , 1];
(ii) NPT and one-copy undistillable when p ∈ [−12 ,−1d);
(iii) NPT and one-copy distillable when p ∈ [−1,−12).
6The following fact is from [38]. It will be used to construct a tripartite state
whose bipartite reduced density operators have additive EOF in Sec. IV. This is an
application of our results.
Lemma 8 Suppose αAB has additive EOF and βCD is a separable state. Then
ρAC:BD = αAB ⊗ βCD is a bipartite entangled state of additive EOF.
III. TENSOR PRODUCT OF ENTANGLEMENT-BREAKING SUBSPACES
In this section, we investigate Conjecture 1 when the range of α and β are both
EB subspaces. We say that a bipartite state ρ is locally projected onto (or locally
convertible to) another state σ when there exists a local operator P ⊗Q such that
(P ⊗ Q)ρ(P † ⊗ Q†) = σ. We refer to the maximally correlated (MC) states as
the states
∑
i,j cij|ii〉〈jj|. One can show that the range of any MC state is an EB
subspace. We present the main result of this section as follows.
Theorem 9 Suppose α and β are two bipartite entangled states. Then Conjecture
1 holds when one of the following two conditions (i) and (ii) is satisfied.
(i) α and β can be both locally projected onto entangled states of rank one or two.
(ii) R(α) and R(β) are subspaces of two EB spaces spanned by {|a1, 1〉, ..., |an, n〉}
and {|b1, 1〉, ..., |bm,m〉}, respectively.
(iii) Furthermore, if R(α) is a subspace of the EB space spanned by
{|a1, 1〉, ..., |an, n〉}, then Conjecture 1 holds for α and all β if and only if it holds
for every bipartite state whose range is spanned by |1, 1〉 and |2, 2〉 and all β.
Proof. (i) According to Lemma 6 (i), (ii), then we have (i) holds.
(ii) Let α =
∑
j≥1 |ψj〉〈ψj| and |ψj〉 =
∑n
i=1 cij|ai, i〉. Using Wootters’ decompo-
sition, we may assume that c11 6= 0 and c1j = 0 for j > 1. We have two cases
(ii.a) and (ii.b). In case (ii.a), we assume that there exists k such that |a1〉 and
ck1|ak〉 are linearly independent. One can show that the projected state PαP with
P = I ⊗ (|1〉〈1| + |k〉〈k|) is an entangled state of rank at most two. In case (ii.b),
we consider the case that |a1〉 and ck1|ak〉 are linearly dependent for any k. We
can find a local projector Q = I ⊗ Q1 such that Q|ψ1〉 = |a1, 1〉 and Q|ψj〉 = |ψj〉
for j > 1. Hence QαQ = |a1, 1〉〈a1, 1| +
∑
j>1 |ψj〉〈ψj|. Now we repeat the above
argument to the state
∑
j>1 |ψj〉〈ψj|, then we have c22 6= 0 and c2j = 0. We can
find a local projector R1 = I ⊗ R11 such that R1|ψ1〉 = |a1, 1〉, R1|ψ2〉 = |a2, 2〉 and
R1|ψj〉 = |j〉, j > 2. Hence R1QαQR1 = |a1, 1〉〈a1, 1| + |a2, 2〉〈a2, 2| +
∑
j>2 |ψj〉〈ψj|.
Finally we will find a few local projectors R1, ..., Rs such that Rs...R1QαQR1...Rs =∑s
i=1 |ai, i〉〈ai, i| + |ψs+1〉〈ψs+1|, where |ψs+1〉 =
∑n
i=s+1 ci,s+1|ai, i〉. Because α is
7an entangled state, then the state |ψs+1〉〈ψs+1| is entangled. So we can project
Rs...R1QαQR1...Rs onto state |ψs+1〉〈ψs+1| with a projected operator P ′, where
P ′ = I ⊗ (|m1〉〈m1|+ |m2〉〈m2|),m1,m2 ∈ {s+ 1, · · · , n}. (5)
To conclude, we can always project α onto an entangled state of rank at most two.
One can repeat the above argument to β, and project β onto another entangled
state of rank at most two. Now the claim follows from (i).
(iii) The ”only if” part holds when R(α) = R(γ). We prove the ”if” part. Up
to local equivalence, suppose R(γ) is spanned by |a1, 1〉 and |a2, 2〉, then Conjec-
ture 1 holds for γ and all β. Because R(α) is a subspace of EB space spanned
by {|a1, 1〉, · · · , |an, n〉}, then from (ii), there are two cases (iii.a) and (iii.b). In
case (iii.a), we may assume that |a1〉 and c21|a2〉 are linearly independent. we can
show that the projected state PαP with P = I ⊗ (|1〉〈1| + |2〉〈2|) is an entan-
gled state in R(γ). In case (iii.b), we consider that |a1〉 and ck1|ak〉 are linearly
dependent for any k. From (ii.b), we can project Rs...R1QαQR1...Rs onto state
|ψs+1〉〈ψs+1| with projected operator P ′ of (5). Then we can find Q′ = I ⊗ Q2
such that Q′|am1,m1〉 = |am1, 1〉 and Q′|am2,m2〉 = |am2, 2〉. So the entan-
gled state Q′P ′Rs...R1QαQR1...RsP ′Q′ is in R(γ). According to the assumption,
γAC1⊗βBC2 ∈ HABC is a tripartite GE state with C = C1C2. From the above cases,
we can project the entangled state α in γ. Hence, αAC1 ⊗ βBC2 ∈ HABC is also a
tripartite GE state. uunionsq
Note that the key of above proof is to show that the state whose range is an
EB subspace can be converted to another state whose range is a 2-dimensional EB
subspace. Further, since the GE state remains a GE state up to local invertible
operations, Theorem 9 (ii) and (iii) are valid if we replace |j〉’s by an arbitrary set
of basis.
Next, we shall investigate whether the condition in Theorem 9 (iii) holds. More
explicitly, we investigate Conjecture 1 when the range of α is the simplest EB space,
namely the two-qubit space spanned by |0, 0〉 and |1, 1〉. For this purpose, we present
four facts with α is a bipartite entangled state of rank two in the following Lemma
10. By assuming αAC1 ⊗Kc βBC2 is a tripartite biseparable state, we show specific
representations and internal equivalences of αAC1, δABC and ABC defined in (2).
Then we show the proof of Lemma 10 in Appendix A.
Lemma 10 Suppose α is a bipartite entangled state of rank two, and β is a bipartite
entangled state. If αAC1 ⊗Kc βBC2 is a tripartite biseparable state then
(i) αAC1 ⊗Kc βBC2 = δABC + ABC defined in (2).
8(ii) up to local equivalence on systems A and C1 we may assume that
αAC1 = cos
2 θ(cosµ|0, 0〉+ sinµ|1, 1〉)(cosµ〈0, 0|+ sinµ〈1, 1|)
+ sin2 θ|0, 0〉〈0, 0|, θ, µ ∈ (0, pi/2), (6)
δABC = f cos
2 ν|0, 0〉〈0, 0|AC1 ⊗ (β0)BC2 + f sin2 ν|1, 1〉〈1, 1|AC1 ⊗ (β1)BC2,
f ∈ (0, 1), ν ∈ [0, pi/2], (7)
ABC = (1− f)
d∑
j=1
pj|wj〉〈wj|B ⊗ (cos ξj|0, 0〉AC1|xj〉C2 + sin ξj|1, 1〉AC1|yj〉C2)
(cos ξj〈0, 0|AC1〈xj|C2 + sin ξj〈1, 1|AC1〈yj|C2),
d∑
j=1
pj = 1, pj > 0, ξj ∈ (0, pi/2), (8)
where we have removed the two ends ξj = 0 and pi/2 by merging δABC with the pure
states satisfying one of the two ends in ABC.
Hence
(cos2 θ cos2 µ+ sin2 θ)βBC2 = f cos
2 ν(β0)BC2 + (1− f)
d∑
j=1
pj cos
2 ξj|wj, xj〉〈wj, xj|BC2,
(9)
cos2 θ sin2 µβBC2 = f sin
2 ν(β1)BC2 + (1− f)
d∑
j=1
pj sin
2 ξj|wj, yj〉〈wj, yj|BC2,
(10)
cos2 θ cosµ sinµβBC2 = (1− f)
d∑
j=1
pj cos ξj sin ξj|wj, xj〉〈wj, yj|BC2. (11)
(iii) if 
ΓAC1
ABC = ABC, then ABC is a bipartite separable state with respect to the
partition AC1 and BC2, i.e.,
ABC = (1− f)
r∑
k=1
qk(cos ηk|0, 0〉+ sin ηk|1, 1〉)(cos ηk〈0, 0|+ sin ηk〈1, 1|)AC1 ⊗ |ψk〉〈ψk|BC2,
r∑
k=1
qk = 1, qk > 0, ηk ∈ (−pi/2, 0) ∪ (0, pi/2),
R(βBC2) = span{|ψk〉}, r = rank ABC ≥ DimR(βBC2), (12)
9where we have removed the three points ηk = −pi/2, 0 and pi/2 by the upcoming (13)
and (14).
By comparing (8) and (12), we have
d∑
j=1
pj cos
2 ξj|wj, xj〉〈wj, xj| =
r∑
k=1
qk cos
2 ηk|ψk〉〈ψk|, (13)
d∑
j=1
pj sin
2 ξj|wj, yj〉〈wj, yj| =
r∑
k=1
qk sin
2 ηk|ψk〉〈ψk|, (14)
d∑
j=1
pj cos ξj sin ξj|wj, xj〉〈wj, yj| =
r∑
k=1
qk cos ηk sin ηk|ψk〉〈ψk|. (15)
(iv) we may assume that βBC2 is the Werner state ρw(d, − 1d) with some  ∈ [h, 0)
when βBC2 is an NPT state.
In the next section, we shall apply our results to construct multipartite states
having bipartite reduced density operators with additive EOF and whose bipartition
is distillable under LOCC.
IV. APPLICATIONS
In this section, we apply our results of previous sections to two constructions of
multipartite states. First, we construct a family of multipartite GE states having
bipartite reduced density operators with additive EOF. Second, ref. [44] has investi-
gated the distillability of three bipartite reduced density operators from a tripartite
pure state. Then we further manage to construct a family of multipartite GE states
whose every bipartition is a distillable state under LOCC. Such multipartite states
are of widely usefulness in quantum-information tasks [44, 45]. We present Theorem
11 as the main result in this section.
Theorem 11 We present two constructions (i), (ii) of multipartite GE states.
(i) Suppose that α
(1)
A1C1
, · · · , α(n)AnCn are entangled states whose range are EB sub-
spaces. We construct an (n+ 1)-partite state ρA1···AnC = α
(1)
A1C1
⊗ · · · ⊗α(n)AnCn, where
C = C1 · · ·Cn.
(i.a) For n = 2, ρA1A2C is a tripartite GE state whose three bipartite reduced
density operators have additive EOF .
(i.b) When the (n+ 1)-partite state ρA1···AnC is GE, every bipartite reduced density
operator of ρA1···AnC has additive EOF.
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(i.c) The EOF of every bipartition of the tripartite GE state ρA1A2C is additive.
(ii) Suppose that α
(1)
A1C1
, · · · , α(n)AnCn are entangled MC states. We construct an
(n+ 1)-partite state ρA1···AnC = α
(1)
A1C1
⊗ · · · ⊗ α(n)AnCn, where C = C1 · · ·Cn.
(ii.a) For n = 2, ρA1A2C is a tripartite GE state whose every bipartition is distill-
able.
(ii.b) When the (n + 1)-partite state ρA1···AnC is GE, every bipartition of ρA1···AnC
is distillable.
Proof. (i.a) We construct a family of tripartite GE states, any one of whose three
bipartite reduced density operators have additive EOF. As far as we know, this is
the first example of such GE states. Let ρA1A2C = α
(1)
A1C1
⊗Kc α(2)A2C2, where α
(1)
A1C1
and
α
(2)
A2C2
are two entangled states whose ranges are subspaces of EB spaces spanned by
{|a1, 1〉, ..., |an, n〉} and {|b1, 1〉, ..., |bm,m〉}, respectively. It follows from Theorem 9
that ρA1A2C is a tripartite GE state. Since ρA1A2 is a separable, its EOF is zero and
additive. Next, Lemma 2 implies that α
(1)
A1C1
and α
(2)
A2C2
both have additive EOF.
Because ρA1C = α
(1)
A1C1
⊗ α(2)C2 and ρA2C = α
(1)
C1
⊗ α(2)A2C2, they both have additive
EOF in terms of Lemma 8. We have finish the construction. It means that every
bipartite reduced density operator of ρA1A2C has equal entanglement cost and EOF.
In particular if the EOF is computable, then we can work out the entanglement
cost of ρA1C , ρA2C and ρA1A2. This case occurs when α
(1)
A1C1
and α
(2)
A2C2
are two-qubit
states using the known formula by Wootters [46].
(i.b) In Fig. 2, we extend the forementioned tripartite GE states to (n+1)-partite
GE states. Suppose that α
(1)
A1C1
, · · · , α(n)AnCn are entangled states whose ranges are EB
subspaces. We construct the (n+1)-partite state ρA1···AnC = α
(1)
A1C1
⊗Kc · · ·⊗Kcα(n)AnCn,
where C = C1 · · ·Cn. We obtain that bipartite reduced density operators of ρA1···AnC
are ρApAq and ρAlC , where p, q, l ∈ {1, · · · , n} and p < q. One can verify that
ρApAq = α
(p)
Ap
⊗ α(q)Aq . Since ρApAq is a separable state, its EOF is zero and additive.
On the other hand one can verify that ρAlC = α
(l)
AlCl
⊗Kc (⊗j∈Mα(j)Cj ) by tracing out
remaining systems of ρA1···AnC , where l ∈ {1, · · · , n} and M = {1, · · · , n} \ {l}.
Then we have (⊗j∈Mα(j)Cj ) is a separable state. One can show that EOF is additive
for separable states. Because α
(l)
AlCl
and (⊗j∈Mα(j)Cj ) have both additive EOF, Lemma
3 implies that ρAlC also has additive EOF. Hence, every bipartite reduced density
operator of ρA1···AnC has equal entanglement cost and EOF.
(i.c) Suppose that two bipartite entangled states α
(1)
A1C1
and α
(2)
A2C2
both have addi-
tive EOF. We construct a tripartite state ρA1A2C = α
(1)
A1C1
⊗Kcα(2)A2C2, where C = C1C2.
Then we regard ρA1A2C as a bipartite state ρA1A2:C in B(HA1A2⊗HC). From Lemma
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···
···
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𝐶1
𝐶2
𝐶𝑛
···
···
𝐶𝑚
= C ራ
𝑖∈𝑠
𝐴𝑖 ራ
𝑘∈𝑇
𝐴𝑘𝐶
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FIG. 2: In the middle of this figure, every α
(j)
AjCj
is an entangled state whose range is an EB subspace. Suppose an
(n+ 1)-partite state ρA1···AnC := α
(1)
A1C1
⊗Kc · · · ⊗Kc α(n)AnCn , where C = C1 · · ·Cn. One can verify that α
(j)
AjCj
’s all
have additive EOF from Lemma 2. The state ρA1···AnC has bipartite reduce density operators ρApAq and ρAlC on
the left side of this figure, where p, q, l ∈ {1, · · · , n} and p < q. Then every bipartite reduce density operator has
additive EOF. On the other hand, we may regard that ρA1···AnC is a bipartite state of the two systems ∪i∈SAi and
∪k∈T AkC on the right side, where S ∪ T = {1, · · · , n} and S ∩ T = ∅. We obtain that every bipartite reduced
density operator of the (n+ 1)-partite GE state ρA1···AnC has additive EOF.
3 and the definition of additive EOF, we obtain that the EOF of ρA1A2:C is additive.
Furthermore, if we regard ρA1A2C as a bipartite state ρA1:A2C , then we obtain that
Ef(ρA1:A2C ⊗ σBD) = Ef(α(1)A1C1 ⊗ σBD)
= Ef(α
(1)
A1C1
) + Ef(σBD)
= Ef(ρA1:A2C) + Ef(σBD). (16)
So the bipartite state ρA1:A2C has additive EOF. Similarly, the bipartite state
ρA2:A1C has additive EOF. Hence, from Theorem 9, we obtain that ρA1A2C is a
tripartite GE state whose every bipartition has additive EOF.
(ii.a) The distillable entanglement of a multipartite mixed state heavily evaluates
the usefulness of this state to quantum computing and teleportation. Recently,
Ref. [47] established the bidistillable subspace in which every multipartite state is
distillable in terms of any bipartition of this state, by constructing the so-called un-
extendible biseparable bases. Here we present another construction of multipartite
state whose bipartition is distillable. We begin by studying the tripartite system.
We recall that the entangled maximally correlated (MC) state is distillable under
LOCC [48]. Further, one can verify that the range of MC states is an EB sub-
space spanned by {|a1, 1〉, ..., |an, n〉}. Suppose αAC1 and βBC2 are two entangled
MC states, and ρABC = αAC1 ⊗Kc βBC2. Then ρAC and ρBC are both distillable. We
obtain that ρABC is a tripartite GE state such that any bipartition of this state is
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distillable.
(ii.b) In Fig. 3, we can extend the example to (n+1)-partite GE states whose every
bipartition generates a distillable state. Suppose that α
(1)
A1C1
, · · · , α(n)AnCn are entan-
gled MC states, and an (n+1)-partite state ρA1···AnC := α
(1)
A1C1
⊗Kc· · ·⊗Kcα(n)AnCn, where
C = C1 · · ·Cn. Because α(j)AjCj ’s are entangled MC states, it implies that α
(j)
AjCj
’s are
distillable under LOCC. Then one can asymptotically distill pure entangled states
|ψj〉AjCj ’s from α(j)AjCj ’s, respectively. Then it follows that |ψ1〉A1C1⊗Kc · · ·⊗Kc |ψn〉AnCn
is an (n + 1)-partite GE state. Otherwise, if |ψ1〉A1C1 ⊗Kc · · · ⊗Kc |ψn〉AnCn is not
GE, then we obtain that its density matrix ρ′A1···AnC is not GE. We may assume
that ρ′A1···AnC is a bipartite separable state on systems ∪iAi and ∪kAkC, where
i ∈ S, k ∈ T and S ∪ T = {1, · · · , n},S ∩ T = ∅. Denote m as the maximum
element in S. Then ρ′Am|Cm is a bipartite separable state by tracing out remaining
systems of ρ′A1···AnC and ρ
′
Am|Cm ∝ |ψs〉〈ψs|AmCm. It is a contradition with the fact
that |ψm〉AmCm is a pure entangled state. So ρ′A1···AnC is a bipartite pure entangled
state in terms of every bipartition. Hence, every bipartition is distillable. We obtain
that ρA1···AnC is an (n + 1)-partite GE state such that any bipartition of this state
is distillable.
𝐴1
𝐴2
𝐴𝑛
···
···
𝐴𝑚
𝐶1
𝐶2
𝐶𝑛
···
···
𝐶𝑚
= C ራ
𝑖∈𝑠
𝐴𝑖 ራ
𝑘∈𝑇
𝐴𝑘𝐶
FIG. 3: Every α
(j)
AjCj
is an entangled MC state and it can be asymptotically distilled into a pure entangled state
|ψj〉AjCj , 1 ≤ j ≤ n. Suppose the (n+ 1)-partite state ρ′A1···AnC is the density matrix of|ψ1〉A1C1 ⊗Kc · · · ⊗Kc |ψn〉AnCn . On the left side of this figure, suppose that ρ′A1···AnC is a GE state of the systems
A1, · · · , An, C. We may regard that it is a bipartite state of the two systems ∪i∈SAi and ∪k∈T AkC on the right side
of this figure, where S ∪ T = {1, · · · , n} and S ∩ T = ∅. We obtain that αA1C1 ⊗Kc · · · ⊗Kc αAnCn is an
(n+ 1)-partite GE state such that any bipartition of this state is distillable.
uunionsq
Moreover, there exists a relation between additive EOF and distillability. We may
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assume that a tripartite state ρA1A2C := α
(1)
A1C1
⊗Kc α(2)A2C2, where α
(1)
A1C1
, α
(2)
A2C2
are
entangled MC states and C = C1C2. One can verify that the range of MC states is
an EB subspace spanned by {|a1, 1〉, · · · , |an, n〉}. From Theorem 9, the tripartite
state ρA1A2C is GE. Above the two constructions of multipartite states in Theorem
11, (i.a) and (ii.a) show that any bipartition of ρA1A2C is distillable and has additive
EOF.
V. MULTIPARTITE GENUINE ENTANGLEMENT
In this section, we explore more ways of constructing multipartite GE states by
extending Conjecture 1. We start by studying the tripartite case. In particular, we
construct Conjecture 12, and explain its relations to Conjecture 1 in Lemma 13.
FIG. 4: If αAC1,1C1,2···C1,n , βBC2,1C2,2···C2,n are two (n+ 1)-partite GE states on systems A,C1,1, · · ·C1,n and
B,C2,1, · · ·C2,n, then is the (n+ 2)-partite state ρABC1···Cn also a GE state, where ρABC1···Cn = α⊗ β,
A = A1A2 · · ·An, B = B1B2 · · ·Bn and Cj = C1,jC2,j , 1 ≤ j ≤ n?
FIG. 5: If α
(1)
C1B2
, · · · , α(n)CnB1 are bipartite entangled states, then is the n-partite state ρA1A2···An also a GE state,
where ρA1A2···An = α
(1)
C1B2
⊗ · · · ⊗ α(n)CnB1
and Aj = BjCj ?
Conjecture 12 We present five statements.
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FIG. 6: If α
(i)
AiBi
is a GE state on systems Ai and Bi, i = 1, · · · , n, then is the (n+ 1)-partite state ρAB1···Bn also a
GE state, where ρAB1···Bn = α
(1)
A1B1
⊗ · · ·α(n)AnBn and A = A1A2 · · ·An?
(i) In Fig. 4, we construct the (n+ 2)-partite state
ρABC1...Cn = αAC1,1C1,2···C1,n ⊗Kc βBC2,1C2,2···C2,n (17)
where Cj = C1,jC2,j for 1 ≤ j ≤ n, and αAC1,1C1,2···C1,n and βBC2,1C2,2···C2,n are two
(n+ 1)-partite states. If they are both GE states, then ρABC1...Cn is GE.
(ii) Suppose αA1B1 and βA2C1 are two bipartite entangled states, γB2C2 is a bipartite
state, and ρABC = αA1B1 ⊗ βA2C1 ⊗ γB2C2 is a tripartite state with A = A1A2,
B = B1B2 and C = C1C2. If γ is separable then ρABC is GE.
(iii) Using the same notation in (ii), if γB2C2 is entangled then ρABC is GE.
(iv) In Fig. 5, we construct the n-partite state
ρA1...An = α
(1)
C1B2
⊗ α(2)C2B3 ⊗ α
(3)
C3B4
⊗ ...⊗ α(n−1)Cn−1Bn ⊗ α
(n)
CnB1
, (18)
where Aj = BjCj and α
(j) is a bipartite state for 1 ≤ j ≤ n. If α(j) is entangled,
then ρA1...An is GE.
(v) In Fig. 6, if the n-partite state
ρABB3···Bn = α
(1)
A1B1
⊗ α(2)A2B2 ⊗ · · · ⊗ α
(n)
AnBn
(19)
is GE, where A = A1A2 · · ·An and B = B1B2, then α(j)AjBj is entangled. Furthermore,
if α
(j)
AjBj
’s are entangled, then ρAB1···Bn is also an (n+ 1)-partite GE state.
The motivation of this conjecture is to generate more multipartite GE states using
bipartite states. We refer to Conjecture 12 (v) as satellite mode generation of
multipartite GE state when it holds. In particular, one can show that the n-partite
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state ρABB3···Bn is GE if the (n+1)-partite state ρAB1···Bn is GE in Conjecture 12 (v).
To characterize the relations between Conjecture 1 and 12, we show the following
observation in Fig. 7.
FIG. 7: By investigating the connections in Conjecture 12, we denote 1©, · · · , 5© as Conjecture 12 (i) · · · ,
Conjecture 12 (v) in order and 6© as Conjecture 1, respectively. There exist three connections 1© → 6© and 6© →
3©, 5© → 6© and 6© ↔ 2© and 4© → 3© at present. Then the connections are shown in Theorem 13.
Lemma 13 (i) Conjecture 12 (i) → Conjecture 1 → Conjecture 12 (iii).
(ii) Conjecture 12 (v) → Conjecture 1 ↔ Conjecture 12 (ii).
(iii) Conjecture 12 (iv) → Conjecture 12 (iii).
Proof. (i) If n = 1 then Conjecture 12 (i) reduces to Conjecture 1. We have
proven the assertion.
Suppose αA1B1, βA2C1, γB2C2 are three bipartite entangled states. Suppose ρABC =
αA1B1 ⊗ βA2C1 ⊗ γB2C2, where A = A1A2, B = B1B2 and C = C1C2. Because αA1B1
and βA2C1 are bipartite entangled states, when Conjecture 1 holds, we obtain that
ρ′AB1C1 := αA1B1 ⊗ βA2C1 is a GE state. Then we rewrite ρABC = ρ′AB1C1 ⊗ γB2C2.
If ρABC is not a GE state, it implies that ρABC is a biseparable state. We write
ρABC in (1). By tracing out systems B2, C2, we obtain that ρ
′
AB1C1
is a tripartite
biseparable state on systems A,B1 and C1. It is a contradiction with the fact that
ρ′AB1C1 is a GE state. Hence, ρABC is a GE state, and the Conjecture 12 (iii) holds.
(ii) If n = 2 then the Conjecture 12 (v) reduces to Conjecture 1. Hence, all
results for Conjecture 1 apply to Conjecture 12 (v). Then we assume γB2C2 =∑
i |ai, bi〉〈ai, bi|. Because γBC2 is a bipartite separable state, we obtain
ρABC = αA1B1 ⊗ βA2C1 ⊗ γB2C2
=
∑
i
(αA1B1 ⊗ |ai〉〈ai|B2 ⊗ βA2C1 ⊗ |bi〉〈bi|C2)
= α′A1B ⊗ β′A2C , (20)
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where α′A1B and β
′
A2C
are bipartite entangled states. From (20), then Conjecture 12
(ii) is equivalent to Conjecture 1.
(iii) If n = 3 then Conjecture 12 (iv) reduces to Conjecture 12 (iii). We have
proven the assertion.
uunionsq
VI. CONCLUSIONS
We have investigated the tripartite state as the tensor product of two bipartite en-
tangled states by merging two systems. We have shown that the tripartite state is a
genuinely entangled state when the range of both bipartite states are entanglement-
breaking subspaces. We also have investigated the tripartite state when the one
of the two bipartite states has rank two. Further, we have constructed a family
of multipartite GE states having bipartite reduced density operators with additive
EOF, and another multipartite GE states whose every bipartition gives rise to a
distillable state under LOCC. Moreover, we explored more ways of constructing
multipartite genuinely entangled states.
The next target is to investigate Conjecture 1 with the bipartite state whose range
is an arbitrary EB space, e.g., the 2-dimensional EB spaces in C2⊗Cd constructed
recently [25]. Further, an open problem is whether Conjecture 1 holds when the
range of the bipartite state is a subspace of the EB space spaned by {|ai, i〉}ni=1.
Another direction is whether every bipartition of (n + 1)-partite GE states has
additive EOF.
Acknowledgments
Authors were supported by the NNSF of China (Grant No. 11871089), and the
Fundamental Research Funds for the Central Universities (Grant No. ZG216S2005).
Appendix A: Proof of Lemma 10
By reviewing Lemma 10, we show the proof of Lemma 10 from (i) to (iv).
Proof. (i) From Lemma 6, we assume that αAC1 is spanned by pure biseparable
states. Since αAC1 is a bipartite entangled state of rank two, then we assume that
R(α) is spanned by {|a1, b1〉, |a2, b2〉}. It implies that |a1〉, |a2〉 are linearly inde-
pendent, and |b1〉, |b2〉 are linearly independent. Then we can find two invertible
matrices X, Y such that
(X ⊗ Y )|a1, b1〉 = |0, 0〉, (X ⊗ Y )|a2, b2〉 = |1, 1〉. (A1)
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So rank α = 2 implies that R(α) is spanned by |0, 0〉 and |1, 1〉 up to local equiv-
alence. Furthermore R(δ),R(),R(ζ) ⊆ α ⊗Kc β. Because R(ζAC1) ⊆ R(α),
by tracing out systems B,C2, we obtain that ζAC1 is a separable state spanned
by |0, 0〉 and |1, 1〉 in (2). From the definition of ζABC in (2), we can rewrite
ζABC =
∑
i ci|0, si, 0, ψi〉〈0, si, 0, ψi|AB(C1C2) +
∑
jmj|1, vj, 1, wj〉〈1, vj, 1, wj|AB(C1C2).
Then by tracing out systems A,C1, we obtain that ζBC2 =
∑
ci|si, ψi〉〈si, ψi| +∑
mj|vj, wj〉〈vj, wj|, where |si, ψi〉, |vj, wj〉 are also separable states. Thus, ζABC is
a separable state on systems A,B,C1, C2. Then we can merge ζABC with the part
δABC or ABC . Hence, αAC1 ⊗Kc βBC2 = δABC + ABC .
(ii) From Lemma 6 and (A1) in (i), up to local equivalence on systems A and C1,
the condition rank αAC1 = 2 implies that
R(αAC1) = span{|0, 0〉, |1, 1〉}. (A2)
Because αAC1 is a bipartite entangled state of rank two, by normalizing αAC1, (6)
holds. From (2), we have
δABC =
∑
i
|λi〉〈λi|A ⊗ |ψi〉〈ψi|BC . (A3)
By tracing out systems B,C2, we may assume that
δAC1 := Tr
BC2
δABC =
∑
i
|λi〉〈λi|A ⊗ (ηi)C1, (A4)
where we denote TrBC2 |ψi〉〈ψi|BC := (ηi)C1. From the definition (1), we have
R(δABC) ⊆ R(αAC1 ⊗Kc βBC2). We obtain that R(δAC1) ⊆ R(αAC1) by tracing
out systems B,C2. Eqs. (A2) and (A4) imply that the product vectors in R(δAC1)
are |0, 0〉 and |1, 1〉. Then we have
|x, y〉 := a|0, 0〉+ b|1, 1〉 ∈ R(δAC1) (A5)
if and only if ab = 0, where a, b are two complex numbers. From (A4), we have
|λi〉 ⊗ R(ηi) ⊆ R(δAC1). Then we have |λi〉 ⊗ |y〉 ∈ R(δAC1), where |y〉 ∈ R(ηi).
If rank ηi > 1, then there exists |z〉 ∈ R(ηi) such that |z〉 is linearly independent
with |y〉. Then we obtain that k1|λi, y〉 + k2|λi, z〉 ∈ R(δAC1), where k1, k2 are any
complex numbers. So the range of δAC1 has infinitely many product vectors that are
pairwise linearly independent. It is contradiction with (A5). So rank ηi = 1. From
the definition of δABC in (2) and rank ηi = 1, we obtain that |ψi〉BC is a bipartite
separable state on systems BC2 and C1. Then we denote
|ψi〉BC := |φi〉BC2 ⊗ |bi〉C1. (A6)
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Substituting (A6) into (A3), we obtain that δABC =
∑
i |λi, bi〉〈λi, bi|AC1 ⊗
|φi〉〈φi|BC2. From (A5), the |λi, bi〉’s are proportional to product vectors |0, 0〉 or
|1, 1〉. We rewrite δABC =
∑
i |0, 0〉〈0, 0|AC1 ⊗ |φ′i〉〈φ′i|BC2 +
∑
j |1, 1〉〈1, 1|AC1 ⊗
|ϕj〉〈ϕj|BC2, where |φ′i〉, |ϕj〉 are proportional to the elements in |φi〉’s. Let β0 =∑
i |φ′i〉〈φ′i| and β1 =
∑
j |ϕj〉〈ϕj|. Then we have δABC = |0, 0〉〈0, 0|AC1 ⊗ (β0)BC2 +
|1, 1〉〈1, 1|AC1 ⊗ (β1)BC2. By normalizing δABC , we have
δABC = cos
2 ν|0, 0〉〈0, 0|AC1 ⊗ (β0)BC2 + sin2 ν|1, 1〉〈1, 1|AC1 ⊗ (β1)BC2, (A7)
where ν ∈ [0, pi/2]. If TrαAC1 ⊗ βBC2 = 1, from (i), there exists f ∈ (0, 1) such that
αAC1 ⊗Kc βBC2 = fδABC + (1− f)ABC . (A8)
So we rewrite (A7) as (7).
Next, from (2), we have
ABC =
∑
j
|µj〉〈µj|B ⊗ |φj〉〈φj|AC . (A9)
In (A9), we may assume that |φj〉AC is a bipartite pure state on systems AC1 and
C2. Because R(ABC) ⊆ R(αAC1 ⊗Kc βBC2), we have R(AC1) ⊆ R(αAC1). By using
Schmidt decompostion, we have
|φj〉AC = aj|0, 0〉AC1|xj〉C2 + bj|1, 1〉AC1|yj〉C2, (A10)
where aj, bj are complex numbers and |xj〉, |yj〉 are states on system C2. By nor-
malizing (A9) and (A10), we rewrite (A9) as follows,
ABC =
∑
j
pj|wj〉〈wj|B ⊗ (cos ξj|0, 0〉AC1|xj〉C2
+ sin ξj|1, 1〉AC1|yj〉C2)(cos ξj〈0, 0|AC1〈xj|C2 + sin ξj〈1, 1|AC1〈yj|C2),(A11)
where
∑
j pj = 1, ξj ∈ [0, pi/2]. If ξj = 0 or pi/2, then we can merge the states in
δABC . So we remove the two ends ξj = 0 and pi/2. From (A8), we rewrite (A11) as
(8). Comparing (6), (7) and (8), we obtain that (9), (10), (11) hold.
(iii) Suppose that
ABC =
r∑
k=1
qk|ϕk〉〈ϕk|, qk > 0,
∑
k
qk = 1, (A12)
and r is the rank of ABC . BecauseR(ABC) ⊆ R(αAC1⊗KcβBC2), we haveR(AC1) ⊆
R(αAC1). Eq. (A2) implies that R(AC1) = span{|0, 0〉, |1, 1〉}. By using Schmidt
decomposition on systems A,C1 and B,C2, we may assume
|ϕk〉 := ak|0, 0〉AC1|ψk〉BC2 + bk|1, 1〉AC1|ψ′k〉BC2, (A13)
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where ak, bk are complex numbers and |ψk〉, |ψ′k〉 are unit vectors. Substituting (A13)
into (A12), we have
ABC =
r∑
k=1
qk(ak|0, 0〉AC1|ψk〉BC2 + bk|1, 1〉AC1|ψ′k〉BC2)(a∗k〈0, 0|AC1〈ψk|BC2
+ b∗k〈1, 1|AC1〈ψ′k|BC2). (A14)
By normalizing (A14), we rewrite
ABC =
r∑
k=1
qk(cos ξk|0, 0〉AC1|ψk〉BC2 + sin ξk|1, 1〉AC1|ψ′k〉BC2)(cos ξk〈0, 0|AC1〈ψk|BC2
+ sin ξk〈1, 1|AC1〈ψ′k|BC2), (A15)
where ξk ∈ [0, pi/2]. Then we have

ΓAC1
ABC =
r∑
k=1
qk(cos
2 ξk|0, 0〉〈0, 0|AC1 ⊗ |ψk〉〈ψk|BC2
+ cos ξk sin ξk|1, 1〉〈0, 0|AC1 ⊗ |ψk〉〈ψ′k|BC2
+ sin ξk cos ξk|0, 0〉〈1, 1|AC1 ⊗ |ψ′k〉〈ψk|BC2
+ sin2 ξk|1, 1〉〈1, 1|AC1 ⊗ |ψ′k〉〈ψ′k|BC2). (A16)
If ABC = 
ΓAC1
ABC , by comparing (A15) and (A16), then we have
|ψk〉〈ψ′k|BC2 = |ψ′k〉〈ψk|BC2. (A17)
Eq. (A17) implies that |ψk〉BC2 is proportional to |ψ′k〉BC2. We may assume that
|ψ′k〉 := mk|ψk〉, (A18)
where mk is a complex number. Substituting (A18) into (A16), we have

ΓAC1
ABC =
r∑
k=1
qk(mk cos ξk|0, 0〉+ sin ξk|1, 1〉)(mk cos ξk〈0, 0|
+ sin ξk〈1, 1|)⊗ |ψk〉〈ψk|BC2. (A19)
By normalizing (A19), we have

ΓAC1
ABC =
r∑
k=1
qk(cos ηk|0, 0〉+ sin ηk|1, 1〉)(cos ηk〈0, 0|
+ sin ηk〈1, 1|)⊗ |ψk〉〈ψk|BC2, (A20)
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where ηk ∈ [−pi/2, pi/2]. If ηk = 0, pi/2 or −pi/2, then we can merge the states in
δABC . So we remove ηk = 0, pi/2 and −pi/2. From (A8), we rewrite (A20) as (12).
By comparing (8) and (12), we obtain that (13), (14), (15) hold.
By tracing out systems A,C1 in (12), we have BC2 = (1−f)
∑
k qk|ψk〉〈ψk|BC2. By
definition R(BC2) = span{|ψk〉}rk=1. Because R(ABC) ⊆ αAC1 ⊗Kc βBC2, we have
R(BC2) ⊆ R(βBC2). If the inclusion is proper, then there exists a nonzero vector
|a〉 ∈ R(βBC2) and |a〉 ⊥ R(BC2). Meanwhile, |a〉 is not orthogonal to δBC2. Then
we obtain that
αAC1 ∝ 〈a|(αAC1 ⊗Kc βBC2)|a〉 (A21)
is a bipartite separable state. It is contradiction with the fact that αAC1 is en-
tangled. So we have R(βBC2) = R(BC2) = span{|ψk〉}rk=1. From (12), we have
r = rank ABC ≥ DimR(BC2). So we obtain that r = rank ABC ≥ DimR(βBC2).
(iv) It’s known that each NPT bipartite state can be convert into an NPT Werner
state by using LOCC [49, 50]. From Lemma 7, if βBC2 ∈ Cd ⊗ Cd is an NPT
state, then there exists an LOCC operator ∆ such that ∆(βBC2) = ρw(d, p), where
p ∈ [−1,−1d). So we may assume that βBC2 is the Werner state ρw(d,  − 1d) with
some  ∈ [h, 0), where [h, 0) is a neighborhood.
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